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Abstract
We study the Hamiltonian structure of the Bergshoeff-Hohm-Townsend (BHT)
massive gravity with a cosmological constant. In the space of coupling constants
(Λ0,m
2), our canonical analysis reveals the special role of the condition Λ0/m
2 6= −1.
In this sector, the dimension of the physical phase space is found to be N∗ = 4,
which corresponds to two Lagrangian degree of freedom. When applied to the AdS
asymptotic region, the canonical approach yields the conserved charges of the BTZ
black hole, and central charges of the asymptotic symmetry algebra.
1 Introduction
The new theory of massive gravity in three dimensions (3D), recently proposed by Bergshoeff,
Hohm and Townsend (BHT) [1, 2], is defined by adding the parity invariant, curvature-
squared terms to the Einstein-Hilbert action. With the cosmological constant Λ0 and the
sign of the Einstein-Hilbert term σ = ±1, the action takes the form
I = a
∫
d3x
√
g
(
σR − 2Λ0 + 1
m2
K
)
, K := RˆijRˆ
ij − 3
8
R2 , (1.1)
where Rˆij is the Ricci tensor and R the scalar curvature. At the linearized level in asymp-
totically Minkowskian spacetime, the BHT gravity is equivalent to the Pauli-Fierz theory
for a free massive spin-2 field. The action (1.1) ensures the absence of ghosts (negative
energy modes), and the unitarity in flat space [3]; moreover, the theory is renormalizable
[4]. In the AdS background and for generic values of the coupling constants, the unitarity
of the massive gravitons is found to be in conflict with the positivity of central charges in
the boundary CFT [5, 2]. One should also note that the BHT theory possesses a number of
exact solutions [6, 7, 8], its AdS sector is studied in [5, 9], central charges are discussed in
[5, 2, 10], and supersymmetric extension in [11] .
It is interesting to observe that the particle content of the BHT gravity depends on the
values of coupling constants. Thus, if we consider a maximally symmetric vacuum state
defined by Gij = Λeff ηij , where Gij is the Einstein tensor and Λeff the effective cosmological
constant, this configuration solves the BHT field equations if Λeff solves a simple quadratic
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equation. For Λ0/m
2 = −1, two solutions for Λeff coincide, and the two massive modes
degenerate with each other [2, 5]. In that case, there is an extra gauge symmetry at the
linearized level which allows massive modes to become partially massless [2, 12, 13]. The
modes corresponding to Λ0/m
2 = 3 are also found to be special, but they remain massive
[2].
Motivated by the fact that the nature of physical modes in the BHT gravity has been
studied only in the linear approximation, see also [14], we use here the constrained Hamil-
tonian approach to clarify the dynamical content of the BHT gravity nonperturbatively. In
particular, we will find out a natural role of the condition Λ0/m
2 6= −1 in the canonical
consistency procedure.
The paper is organized as follows. In section 2, we give a brief account of the basic
dynamical features of the BHT gravity in the Lagrangian formalism, and describe the BTZ
black hole solution. In section 3, we apply Dirac’s method for constrained dynamical systems
[15] to make a consistent canonical analysis of the BHT gravity. Then, in section 4, we
classify the constraints and find that the theory exhibits two local Lagrangian degrees of
freedom. To obtain this result, we used a condition which, when applied to maximally
symmetric solutions, takes the form Λ0/m
2 6= −1, corresponding to the case of massive
gravitons. In section 5, we find the form of the gauge generator, showing thereby that the
obtained classification of constraints is correct. In section 6, we briefly describe the AdS
asymptotic structure by imposing the Brown-Henneaux asymptotic conditions, find the form
of the improved generators and the corresponding conserved quantities, and calculate the
central charges of the asymptotic symmetry. Finally, section 7 is devoted to concluding
remarks, while appendices contain some technical details.
Our conventions are given by the following rules: the Latin indices refer to the local
Lorentz frame, the Greek indices refer to the coordinate frame; the middle alphabet letters
(i, j, k, ...;µ, ν, λ, ...) run over 0,1,2, the first letters of the Greek alphabet (α, β, γ, ...) run
over 1,2; the metric components in the local Lorentz frame are ηij = (+,−,−); totally
antisymmetric tensor εijk and the related tensor density εµνρ are both normalized as ε012 = 1.
2 Lagrangian dynamics in the first order formalism
The BHT massive gravity with a cosmological constant is formulated as a gravitational
theory in Riemannian spacetime. Instead of using the standard Riemannian formalism,
with an action defined in terms of the metric as in (1.1), we find it more convenient to
use the triad field and the spin connection as fundamental dynamical variables. Such an
approach can be naturally described in the framework of Poincare´ gauge theory [16], where
basic gravitational variables are the triad field bi and the Lorentz connection Aij = −Aji
(1-forms), and the corresponding field strengths are the torsion T i and the curvature Rij
(2-forms). After introducing the notation Aij =: −εijkωk and Rij =: −εijkRk, we have:
T i = dbi + εijkω
j ∧ bk , Ri = dωi + 1
2
εijkω
j ∧ ωk .
The antisymmetry of Aij ensures that the underlying geometric structure corresponds to
Riemann-Cartan geometry, in which bi is an orthonormal coframe, g := ηijb
i ⊗ bj is the
metric of spacetime, ωi is the Cartan connection, and T i, Ri are the torsion and the Cartan
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curvature, respectively. For Ti = 0, this geometry reduces to Riemannian. In what follows,
we will omit the wedge product sign ∧ for simplicity.
The description of the BHT massive gravity can be technically simplified as follows.
(a) We use the triad field bi and the spin connection ωi as independent dynamical variables.
(b) The Riemannian nature of the connection is ensured by imposing the vanishing of
torsion with the help of the Lagrange multiplier λi = λiµdx
µ.
(c) Finally, by introducing an auxiliary field f i = f iµdx
µ, we transform the term K into
an expression linear in curvature.
These modifications lead to a new formulation of the BHT massive gravity, classically equiv-
alent to (1.1):
L = a
(
2σbiRi − 1
3
Λ0εijkb
ibjbk +
1
m2
LK
)
+ λiTi . (2.1a)
Here, the piece LK is linear in curvature and depends on the auxiliary field f
i:
LK = Rif
i − VK , VK := 1
4
fi
⋆
(
f i − f bi) = VK ǫˆ , (2.1b)
where f = fkk and ǫˆ = b
0b1b2 is the volume 3-form. In the component notation, with
Rimn = G
k
iεkmn, LK takes the well-known form [1]:
LK =
(
fikG
ik − VK
)
ǫˆ , VK := 1
4
(fikf
ik − f 2) .
The form of VK = VK(b
i, f i) ensures that after using the field equations to eliminate f i, LK
reduces to Kǫˆ (Appendix A).
The field equations
Variation with respect to bi, ωi, f i, λi, yields the BHT field equations:
a
(
2σRi − Λ0εijkbjbk − 1
m2
Θi
)
+∇λi = 0 , (2.2a)
a
(
2σTi +
1
m2
∇fi
)
+ εimnλ
mbn = 0 , (2.2b)
2Ri − ⋆
(
f i − f bi) = 0 , (2.2c)
Ti = 0 , (2.2d)
where Θi = −∂LK/∂bi is the energy-momentum current (2-form) associated to LK , and ∇
is the covariant derivative: for a 1-form Xi, ∇Xi = dXi + εijkωjXk.
The last equation ensures that spacetime is Riemannian. The third equation implies:
f i − fbi = ⋆Ri = 2Gikbk ,
2f = R , f i = 2Li = 2Likb
k , (2.3)
where Gij is the Einstein tensor, and Lij the Schouten tensor:
Gij := Rˆij − 1
2
ηijR , Lij := Rˆij − 1
4
ηijR .
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Introducing the Cotton 2-form Ci = ∇Li, the second equation reads
2a
m2
Ci + εimnλ
mbn = 0 .
Next, we introduce the Cotton tensor Cij by Ci = C
k
iǫˆk, where ǫˆk =
1
2
εkmnb
mbn, and note
that the previous equation, combined with C ii = 0, implies:
λij =
2a
m2
Cij , Cij = εi
mn∇mLnj ,
∇λi = 2a
m2
(∇mCin) bmbn .
Now, the first field equation takes the form:
2σRi − Λ0εimnbmbn − 1
m2
Θi +
2
m2
(∇mCin) bmbn = 0 . (2.4a)
We can express the energy-momentum current Θi in terms of the corresponding energy-
momentum tensor Tin as (Appendix A)
Θi = Tinǫˆn , Tin := δni VK −
1
2
fik(f
kn − fηkn) .
Expanding (2.4a) in the dual basis ǫˆj , with Ri = 2Gij ǫˆ
j , yields:
σGij − Λ0ηij − 1
2m2
Kij = 0 , (2.4b)
where
Kij := Tij − 2(∇mCin)εmnj
= Kηij − 2LikGkj − 2(∇mCin)εmnj .
These equations coincide with those found in [5, 2] (Appendix A).
We display here a set of algebraic consequences of the field equations:
fij = fji , (2.5a)
λij = λji , λ = 0 , (2.5b)
σf + 3Λ0 +
1
2m2
VK = 0 , (2.5c)
where we used Tnn = VK . Consider now a maximally symmetric solution, for which
Rijk = Λeff εijk , Rˆij = −2Λeff ηij , R = −6Λeff . (2.6)
Equation (2.5c) with fkm = 2Lkm implies that the effective cosmological constant Λeff
satisfies the quadratic equation
Λ2eff + 4m
2σΛeff − 4m2Λ0 = 0 ,
which yields
Λeff = −2m2
(
σ ±
√
1 + Λ0/m2
)
. (2.7)
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BTZ black hole solution
In the AdS sector of the BHT gravity, with Λeff = −1/ℓ2, there exists a maximally symmetric
solution, locally isomorphic to the BTZ black hole [1, 17, 18].
In the Schwartzschild-like coordinates xµ = (t, r, ϕ), the BTZ black hole solution is
defined in terms of the lapse and shift functions, respectively:
N2 =
(
−8Gm0 + r
2
ℓ2
+
16G2J20
r2
)
, Nϕ =
4GJ0
r2
,
where m0, J0 are the integration parameters and Λeff = −1/ℓ2. The triad filed has the
simple diagonal form
b0 = Ndt , b1 = N−1dr , b2 = r (dϕ+Nϕdt) , (2.8a)
while the Riemannian connection reads:
ω˜0 = −Ndϕ , ω˜1 = N−1Nϕdr , ω˜2 = − r
ℓ2
dt− rNϕdϕ . (2.8b)
Then, using (2.6) and Cij = 0, the field equations imply that the Lagrange multiplier λ
i
vanishes, while the auxiliary field f i is proportional to the triad field:
λi = 0 , f i =
1
ℓ2
bi . (2.8c)
3 Hamiltonian and constraints
In local coordinates xµ, the component form of the Lagrangian density reads:
L = aεµνρ
(
σbiµRiνρ − 1
3
Λ0ε
ijkbiµbjνbκρ
)
+
a
m2
LK + 1
2
εµνρλiµTiνρ , (3.1a)
where the term LK is conveniently represented in the first order formalism as
LK = 1
2
εµνρf iµRiνρ − bVK , (3.1b)
where b = det(biµ).
Primary constraints. From the definition of the canonical momenta (πi
µ,Πi
µ, pi
µ, Pi
µ),
conjugate to the basic dynamical variables (biµ, ω
i
µ, λ
i
µ, f
i
µ), respectively, we obtain the
primary constraints:
φi
0 := πi
0 ≈ 0 , φiα := πiα − ε0αβλiβ ≈ 0 ,
Φi
0 := Πi
0 ≈ 0 , Φiα := Πiα − 2aε0αβ
(
σbiβ +
1
2m2
fiβ
)
≈ 0 .
pi
µ ≈ 0 , Piµ ≈ 0 . (3.2)
The PB algebra of the primary constraints is displayed in Appendix B.
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After noting that the term bVK is bilinear in the variables bi0 and f i0, one can conve-
niently represent the canonical Hamiltonian as
Hc = bi0Hi + ωi0Ki + f i0Ri + λi0Ti + a
m2
bVK + ∂αDα ,
where
Hi = −ε0αβ
(
aσRiαβ − aΛ0εijkbjαbkβ +∇αλiβ
)
,
Ki = −ε0αβ
(
aσTiαβ +
a
m2
∇αfiβ + εijkbjαλkβ
)
,
Ri = − a
2m2
ε0αβRiαβ ,
Ti = −1
2
ε0αβTiαβ ,
Dα = ε0αβ
[
ωi0
(
2aσbiβ +
a
m2
fiβ
)
+ bi0λiβ
]
.
Secondary constraints. Going over to the total Hamiltonian,
HT = Hc + uiµφiµ + viµΦiµ + wiµpiµ + ziµPiµ ,
where (uiµ, v
i
µ, w
i
µ, z
i
µ) are canonical multipliers, we find that the consistency conditions
of the primary constraints πi
0, Πi
0, pi
0 and Pi
0 yield the secondary constraints:
Hˆi := Hi + a
m2
bTi0 ≈ 0 ,
Ki ≈ 0 ,
Rˆi := Ri + a
2m2
b(fi
0 − fhi0) ≈ 0 ,
Ti ≈ 0 . (3.3)
They correspond to the µ = 0 components of the field equations (2.2). Using the relation
VK = bi0Ti0 + f i01
2
(fi
0 − fhi0) ,
the canonical Hamiltonian can be rewritten in the form
Hc = bi0Hˆi + ωi0Ki + f i0Rˆi + λi0Ti + ∂αDα . (3.4)
The consistency of the remaining primary constraints XA := (φi
α,Φi
α, pi
α, Pi
α) leads to
the determination of the multipliers (uiα, v
i
α, w
i
α, z
i
α) (Appendix B). However, we find it
more convenient to continue our analysis in the reduced phase space formalism. Using the
second class constraints XA, we can eliminate the momenta (πi
a,Πi
α, pi
α, Pi
α) and construct
the reduced phase space R1, in which the basic nontrivial Dirac brackets (DB) take the
following form (Appendix B):
{biα, λjβ}∗1 = ηijε0αβδ , {ωiα, f jβ}∗1 =
m2
a
ηijε0αβδ
{λiα, f jβ}∗1 = −2m2σηijε0αβδ . (3.5)
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The remaining DBs are the same as the corresponding Poisson brackets.
In R1, the total Hamiltonian takes the simpler form:
HT = Hc + ui0φi0 + vi0Φi0 + wi0pi0 + zi0Pi0 , (3.6)
Hc is given by (3.4), and the consistency conditions (3.3) remain unchanged.
Tertiary constraints. The consistency conditions of the secondary constraints can be
written in the form:
{Hˆi, HT}∗1 ≈
a
m2
∇µ(bTiµ)− 1
2
εimnb(f
mµ − fhmµ)λnµ ,
{Ki, HT}∗1 ≈ 0 ,
{Ti, HT}∗1 ≈ −
1
2
bεijkf
jk ,
{Rˆi, HT}∗1 ≈
a
2m2
∇µ [b(fiµ − fhiµ)] , (3.7)
where, on the right-hand side, we use the symbolic notation φ˙ := {φ,HT}∗1. The result is
obtained with the help of the canonical algebra of constraints, displayed in Appendix C. By
using ∇µ(bhiµ) ≈ 0, the divergence of bTiµ can be represented in the form
∇µ(bTiµ) ≈ 1
4
bhi
µ∇µ(fmnfmn − f 2)− 1
2
∇µ
[
b(fjif
jµ − ffµi)
]
.
The third relation in (3.7) yields the following tertiary constraints:
θ0β := f0β − fβ0 ≈ 0 , (3.8a)
θαβ := fαβ − fβα ≈ 0 . (3.8b)
They represent Hamiltonian counterparts of the Lagrangian relations (2.5a).
To find an explicit form of the consistency conditions for Hˆi and Rˆi, we have to replace
the time derivatives φ˙ by their canonical expressions {φ,HT}. To do that, we introduce the
following change of variables in HT :
πi
0′ := πi
0 + fi
kPk
0 , zi0
′ := zi0 − f ikuk0 , (3.9)
whereupon the (πi
0, Pi
0) piece of HT takes the form
ui0πi
0 + zi0Pi
0 = ui0πi
0′ + zi0
′Pi
0 .
Besides, we introduce the generalized multipliers
U iµ = u
i
µ + ε
imnωm0bnµ ,
Z iµ = z
i
µ + ε
imnωm0fnµ ,
which correspond, on-shell, to ∇0biµ and ∇0f iµ, respectively; moreover, we define
Z ′iµ = Z
i
µ − f imUmµ .
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The consistency condition of Rˆi, multiplied first by bi0 and then by biβ, yields:
Uνν(f0
0 − f)− f0µU0µ − (Z ′αα − fU00) + b−1bi0∇α [b(fiα − fhiα)] = 0 , (3.10a)
g0µZ ′βµ + fβ
0Uαα − (fβα − fδαβ )U0α + b−1biβ∇α [b(fiα − fhiα)] = 0 . (3.10b)
The first relations, in which the arbitrary multipliers Uk0 and Z
′
k0 are cancelled, contains only
the determined multipliers Ukα and Z
′
kα. Using the expressions for Ukα and Z
′
kα calculated
with the help of Appendix B, one finds that this relation reduces to an identity (Appendix
D). The second relation defines the two components Z ′β0 = b
k
βZ
′
k0 of Z
′
k0.
The consistency condition of Hˆi in conjunction with (3.10) yields:
(f j0hi
α − f jαhi0)Z ′jα + f jα∇αfji − f jkhiα∇αfjk +
m2
a
εijk(f
jn − fηjn)λkn ≈ 0 .
Substituting here the expression for the determined multiplier Z ′jα, we find:
fεijkλ
jk = 0 .
Thus, for f 6= 0, we obtain three tertiary constraints:
ψ0β := λ0β − λβ0 ≈ 0 , (3.11a)
ψαβ := λαβ − λβα ≈ 0 . (3.11b)
– The consistency conditions of the secondary constraints determine Z ′β0 and produce
the tertiary constraints θµν and ψµν .
Quartic constraints. The consistency of ε0αβθαβ reads
{ε0αβθαβ , HT}∗1 ≈
4m2
a
bλ ≈ 0 ,
and we have a new, quartic constraint, the canonical counterpart of (2.5b):
χ := λ ≈ 0 . (3.12a)
The consistency condition of θ0β is identically satisfied (Appendix D):
{θ0β , HT}∗1 = z′0β − z′β0 ≈ 0 . (3.12b)
The consistency of ε0αβψαβ reads:
{ε0αβψαβ , HT}∗1 ≈ −4ab
(
σf + 3Λ0 +
1
2m2
VK
)
≈ 0 .
Thus, we have a new quartic constraint:
ϕ := σf + 3Λ0 +
1
2m2
VK ≈ 0 , (3.13a)
as expected from (2.5c).
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To interpret the consistency condition for ψ0β , we introduce the notation
πi
0′′ := π′i
0 + λkipk
0 , wi0
′ := wi0 − uk0λik .
The, the (πi
0, Pi
0, pi
0) piece of the Hamiltonian takes the form
ui0πi
0 + wi0pi
0 + zi0Pi
0 = ui0πi
0′′ + wi0
′pi
0 + zi0
′Pi
0 ,
and we have:
{ψ0β, HT}∗1 = w′0β − w¯′β0 ≈ 0 . (3.13b)
Hence, the multipliers w′β0 are determined.
– The consistency conditions of the tertiary constraints determine w′0β and produce the
quartic constraints χ and ϕ.
End of the consistency procedure. The consistency condition of the quartic con-
straint χ determines the multiplier w′00:
{χ,HT}∗1 = w′µµ ≈ 0 ,
g00w′00 + g
0βw¯′β0 + h
iαw¯′iα = 0 , (3.14)
where w¯′iα = w¯iα − λiku¯kα.
The consistency condition for the quartic constraint ϕ has the form:
{ϕ,HT}∗1 = Ωµνz′µν ≈ 0 ,
Ωµν := σgµν +
1
4m2
(fµν − fgµν) . (3.15)
This relation determines the multiplier z′00, provided the coefficient Ω
00 does not vanish.
– The consistency conditions for the quartic constraints determine w′00 and z
′
00.
This finally completes the consistency procedure. At the end, we wish to stress that the
completion of this process is achieved by employing the following extra conditions :
f 6= 0 , (3.16a)
Ω00 6= 0 . (3.16b)
Dynamical interpretation of these conditions is discussed in the next section.
4 Classification of constraints
Among the primary constraints, those that appear in HT with arbitrary multipliers are first
class (FC):
πi
0′′,Πi
0 = FC , (4.1a)
while the remaining ones, pi
0 and Pi
0, are second class.
Going to the secondary constraints, we use the following simple theorem:
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If φ is a FC constraint, then {φ,HT}∗1 is also a FC constraint.
The proof relies on using the Jacoby identity. The theorem implies that the secondary
constraints H¯i := −{πi0′′, HT}∗1 and K¯i = −{Πi0, HT}∗1 are FC. After a straightforward but
lengthy calculation, we obtain:
H¯i = Hˆ′′i + hiµ(∇µλjk)bk0pj0 + hiµ(∇µfjk)bk0P j0 ,
K¯i = Ki − εijk(λj0pk0 − bj0λknpn0)− εijk(f j0P k0 − bj0fknP n0) , (4.1b)
where Hˆ′′i := Hˆi + fkiRˆk + λkiTk. As before, the time derivative φ˙ is a short for {φ,HT}∗1.
The total Hamiltonian can be expressed in terms of the FC constraints (up to an ignorable
square of constraints) as follows:
HˆT = bi0H¯i + ωi0K¯i + ui0πi0′′ + vi0Πi0 . (4.2)
In what follows, we will show that the complete classification of constraints in the reduced
space R1 is given as in Table 1, provided the conditions (3.16) are satisfied.
Table 1. Classification of contraints in R1
First class Second class
Primary πi
0′′,Πi
0 pi
0, Pi
0
Secondary H¯i, K¯i Ti, Rˆ′i
Tertiary θ0β , θαβ, ψ0β , ψαβ
Quartic χ, ϕ
Here, Rˆ′i is a suitable modification of Rˆi, defined so that it does not contain fi0:
Rˆ′i = Ri +
ab
2m2
[
(g00hi
α − g0αhi0)f0α + g0αfiα − hi0fαα
]
.
To prove the content of Table 1, we need to verify the second-class nature of the con-
straints in the last column. This can be done by calculating the determinant of their DBs.
In order to simplify the calculation, we divide the procedure into three simpler steps, as de-
scribed in Appendix E: (i) we start with the subset of 6 constraints YA := (θ0β , ϕ, P
α0, P0
0)
and show that they are second class since the determinant of {YA, YB}∗1 is nonsingular; then,
(ii) we extend our considerations to ZA := (ψ0β, χ, p
α0, p0
0), and show that these 6 con-
strains are also second class; finally, (iii) we show in the same manner that the remaining 8
constraints WA := (Ti, Rˆ′i, 12ε0αβψαβ , 12ε0αβθαβ) are second class.
Thus, all 20 constraints (YA, ZB,WC) are second class.
Note, however, that this result is valid only if the condition (3.16b) is satisfied, as shown in
Appendix E.
When the classifcation of constraints is complete, the number of independent dynamical
degrees of freedom in the phase space R1 is given by the formula:
N∗ = N − 2N1 −N2 ,
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where N is the number of phase space variables in R1, N1 is the number of FC, and N2
the number of second class constraints. According to the results in Table 1, we have N =
4 × 9 + 4 × 3 = 48 (4 × 6 momentum variables are already eliminated from R1), N1 = 12
and N2 = 20. Consequently:
the number of physical modes in the phase space R1 is N
∗ = 4, and the theory exhibits
2 local Lagrangian degree of freedom.
What is the dynamical meaning of the extra conditions (3.16) ? To clarify this issue, let
us consider their content for maximally symmetric solutions.
When the first condition is violated, that is when f = 0, we have R = 0, Λeff = 0,
and Rˆij = 0. This is possible only when Λ0 = 0, as follows from the field equation (2.4b),
and we have a completely trivial dynamics. This motivates us to accept f 6= 0 as a natural
dynamical assumption.
Turning to the second condition, we use fµν = 2Lµν to rewrite Ω
µν in the form
Ωµν = σgµν +
1
2m2
Gµν = gµν
(
σ +
1
2m2
Λeff
)
.
Thus, Ω00 vanishes when Λeff = −2m2σ, or equivalently, when Λ0/m2 = −1, as follows from
(2.7). At this point, the mass spectrum of the BHT gravity, in the linearized approximation,
undergoes a serious transition, whereby the massive sector of gravitons becomes partially
massless [2, 12, 13]. At the canonical level, this phenomenon is reflected in the fact that,
for Ω00 = 0, the multiplier z′00 remains undetermined, and consequently, some of the second
class constraints become first class. Thus, using Ω00 6= 0, we stay in the massive sector of
the BHT gravity. In particular, the special case Λ0/m
2 = 3 also belongs to this sector. The
canonical structure of the complementary sector Ω00 = 0 is left for future studies.
5 Gauge generator
After completing the Hamiltonian analysis, we now employ the Castellani procedure [19] to
construct the canonical gauge generator. Starting with the primary FC constraints πi
0′′ and
Πi
0, we find:
G[τ ] = τ˙ iπi
0′′ + τ i
[
H¯i − εijkωj0πk0′′ − εijkbj0(fkn − fηkn)Πn0
]
,
G[σ] = σ˙iΠi
0 + σi
(K¯i − εijkωj0Πk0 − εijkbj0πk0′′) . (5.1)
The complete gauge generator has the form G = G[τ ] + G[σ], its action on the fields is
defined by the DB operation δ0φ = {φ,G}∗1, but the resulting gauge transformations do not
have the Poincare´ form. The standard Poincare´ content of the gauge transformations is
obtained by introducing the new parameters [20]
τ i = −ξρbiρ , σi = −θi − ξρωiρ .
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Expressed in terms of these parameters (and after neglecting some trivial terms, quadratic
in the constraints), the gauge generator takes the form:
G = −G1 −G2 ,
G1 = ξ˙
µ
(
biµπi
0 + ωiµΠi
0 + λiµpi
0 + f iµPi
0
)
+ξµ
[
biµHˆi + ωiµKi + λiµTi + f iµRˆi
+ (∂µb
i
0)πi
0 + (∂µω
i
0)Π
i
0 + (∂µλ
i
0)pi
0 + (∂µf
i
0)Pi
0
]
,
G2 = θ˙iΠi
0 + θi
[Ki − εijk (bj0πk0 + ωj0Πk0 + λj0pk0 + f j0P k0)] . (5.2)
Looking at the related gauge transformations, we find a complete agreement with the
Poincare´ gauge transformations on shell.
6 Asymptotic structure in the AdS sector
Asymptotic conditions imposed on dynamical variables determine the form of asymptotic
symmetries, and consequently, they are closely related to the gravitational conservation laws.
In this section, we focus our attention to the AdS sector of the theory, with Λeff = −1/ℓ2.
Asymptotic conditions. The AdS asymptotic conditions are defined by demanding
that (a) the asymptotic configurations include the BTZ black hole solution, (b) they are
invariant under the action of the AdS group SO(2, 2), and (c) the corresponding conserved
charges are well defined. These requirements are realized by the Brown-Henneaux type of
asymptotic conditions on the triad field biµ and the Riemannian connection ω
i
µ, which have
the same form as in the topologically massive gravity [20]. In the BHT massive gravity,
there are two more Lagrangian variables, the Lagrange multiplier λiµ and the auxiliary field
f iµ, whose asymptotic behavior is defined by generalizing (2.8c):
λiµ = Oˆ , f iµ = 1
ℓ2
biµ + Oˆ , (6.1)
where Oˆ denotes terms with arbitrarily fast asymptotic decrease.
Having chosen the asymptotic conditions, one should find the subset of gauge transfor-
mations that respect these conditions. It turns out that the parameters of the restricted
gauge transformations are defined in terms of two functions, T+(x+) and T−(x−), in the
same way as in [20]. The resulting asymptotic symmetry of spacetime coincides with the
conformal symmetry.
The improved generator. The canonical generator acts on dynamical variables via
the Dirac bracket operation, hence, it should have well-defined functional derivatives. In
order to ensure this property, we have to improve the form of G by adding a suitable surface
term Γ, such that G˜ = G+Γ is a well-defined canonical generator. The surface term of the
improved canonical generator G˜ takes the form
Γ = −
∫ 2π
0
dϕ
(
ξ0E1 + ξ2M1) , (6.2a)
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where
Eα := 2aε0αβ
[(
σ +
1
2m2ℓ2
)
ω0β +
1
ℓ
b2β +
1
2m2ℓ
f 2β
]
b00 ,
Mα := −2aε0αβ
[(
σ +
1
2m2ℓ2
)
ω2β +
1
ℓ
b0β +
1
2m2ℓ
f 0β
]
b22 . (6.2b)
Conserved charges. The values of the surface terms, calculated for ξ0 = 1 and ξ2 = 1,
define the energy and angular momentum of the system, respectively. In particular, the
energy and angular momentum for the BTZ black hole are:
E =
(
σ +
1
2m2ℓ2
)
m0 , M =
(
σ +
1
2m2ℓ2
)
J0 . (6.3)
This results is verified by using Nester’s general covariant formalism [21], see also [6].
Central charges. Using the notation G˜(i) := G˜[T
+
i , T
−
i ], the main theorem of [22] states
that the canonical algebra of the improved generators has the general form:{
G˜(2), G˜(1)
}
= G˜(3) + C(3) , (6.4)
where C(3) is the central term. Introducing the Fourier modes for the improved generator,
L∓n = −G˜[T∓ = einx∓], the above canonical algebra is found to have the form of two
independent Virasoro algebras with identical central charges,
c− = c+ =
3ℓ
2G
(
σ +
1
2m2ℓ2
)
, (6.5)
see [5, 2, 6]. Once we have the central charges, we can use Cardy’s formula to calculate the
black hole entropy:
S =
(
σ +
1
2m2ℓ2
)
2πr+
4G
, (6.6)
where r+ is the radius of the outer black hole horizon.
In order to have a unitary boundary CFT, the central charge (6.5) has to be positive.
On the other hand, one also expects that massive gravitons, defined as small excitations
around the AdS background, should carry positive energy. Now, relying on the analysis
performed in [2], one can conclude that for generic values of the coupling constants, these
two requirements are in conflict with each other. For possible resolutions of this conflict, see
[2]. Note, however, that the positivity of the central charge and the BTZ black hole energy
are in agreement with each other.
7 Concluding remarks
In this paper, we studied the BHT massive gravity as a constrained dynamical system.
Our basic goal was to obtain and classify the constraints and deduce the dimension of
the physical phase space N∗. In the process of completing Dirac’s consistency procedure, we
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discovered the essential role of the extra condition Ω00 6= 0, Eq. (3.16b). When applied to
maximally symmetric solutions, this condition describes the sector of massive gravitons with
Λ0/m
2 6= −1. In this sector, the dimension of the phase space is found to be N∗ = 4, which
means that the theory exhibits 2 Lagrangian degrees of freedom. The canonical structure of
the complementary sector Ω00 = 0 with partially massless gravitons is left for future studies.
As a particular application of our results, we examined the AdS asymptotic structure
of the theory. Using the Brown-Henneaux type of asymptotic conditions, we calculated
energy and angular momentum of the BTZ black hole, and central charges of the asymptotic
symmetry algebra. Our results are in agreement with those existing in the literature.
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A On the first order form of LK
In this appendix, we display several interesting relations related to the first order formulation
of LK , defined in (2.1b).
The variation of LK with respect to fi yields 2Ri − ⋆ (f i − fbi) = 0. This equation can
be solved for f i as in (2.3), which implies
LK =
1
2
Rif
i = RiL
i = GkiL
ik ǫˆ = Kǫˆ . (A.1)
Thus, the expression for LK is classically equivalent to K.
Following the analogy with electrodynamics, we rewrite the term VK in LK as:
VK =
1
2
fiHi = VK ǫˆ , Hi := 1
2
⋆
(
f i − fbi) .
The energy-momentum current (density) associated to LK is given by:
Θi := −∂LK
∂bi
=
∂VK
∂bi
= bi ⌋VK −Hk(bi ⌋ fk) . (A.2)
Then, using
bi ⌋VK = VK ǫˆi , Hk(bi ⌋ fk) = 1
2
fki(f
kn − fηkn)ǫˆn ,
we find:
Θi = Tinǫˆn , Tin := δni VK −
1
2
fki(f
kn − fηkn) , (A.3)
where Tin is the dynamic energy-momentum tensor:
∂
∂biµ
(bVK) = bTiµ .
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Using the relations
εj
mn∇mCni = ∇m∇jLmi −∇m∇mLji = RˆikRˆkj − RimjnRˆmn + 1
4
∇j∇iR−∇2Lij ,
RimjnRˆ
mn = ηij
(
RˆmnRˆ
mn − 1
2
R2
)
+
3
2
RˆijR− 2RˆinRˆnj ,
LikG
k
j = RˆikRˆ
k
j − 3
4
RRˆij +
1
8
ηijR
2 ,
one can rederive the forms of Kij found in [1, 5]:
Kij = −1
2
∇j∇iR + 2∇2Lij − 3
2
RˆijR− ηijK + 4RimjnRˆmn
= −1
2
∇j∇iR + 2∇2Lij + 9
2
RˆijR− 8RˆinRˆnj + ηij
(
3RˆmnRˆ
mn − 13
8
R2
)
.
B Reduced phase space formalism
Starting from the basic Poisson brackets (PB) {biµ, πjν} = δijδνµδ(x − x′) etc., one finds that
the nontrivial piece of the PB algebra for the primary constraints XA = (φi
α,Φi
α, pi
α, Pi
α)
has the form:
{φiα,Φjβ} = −2aσε0αβηijδ , {φiα, pβj } = −ε0αβηijδ ,
{Φiα, Pjβ} = − a
m2
ε0αβηijδ .
The consistency conditions of XA determine the corresponding multipliers, which are con-
veniently written in the form:
uiα = b˙
i
α = −εijkωj0bkα +∇αbi0 ,
viα = ω˙
i
α = ∇αωi0 + 1
2
bε0αβ(f
iβ − fhiβ) ,
wiα = λ˙
i
α = −εijkωj0λkα +∇αλi0 + 2Λεijkbj0bkα − aσbε0αβ(f iβ − fhiβ) + a
m2
bε0αβTiβ ,
ziα = f˙
i
α = −εijkωj0fkα +∇αf i0 − m
2
a
εijk(bj0λkα − bjαλk0) . (B.1)
Now, we go over to the reduced phase space R1, defined by eliminating the momentum
variables from the second class constraints XA. Consider the 24× 24 matrix ∆ with matrix
elements ∆AB = {XA, XB}:
∆(x,y) =


0 −2aσ −1 0
−2aσ 0 0 − a
m2−1 0 0 0
0 − a
m2
0 0

⊗ ε0αβηijδ(x− y) .
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The matrix ∆ is regular, and its inverse has the form
∆−1(y, z) =


0 0 1 0
0 0 0
m2
a
1 0 0 −2m2σ
0
m2
a
−2m2σ 0

⊗ ε0βγη
jkδ(y − z) .
Thus, the constraints XA are second class, and ∆
−1 defines the DBs in R1:
{φ, ψ}∗1 = {φ, ψ} − {φ,XA}(∆−1)AB{XB, ψ} .
Explicit form of the nontrivial DBs is displayed in (3.5).
C Dirac brackets
In this appendix, we display the set of DBs, needed in the main text.
We start with the DBs of the secondary constraints:
{Hˆi, Hˆj}∗1 = 4aΛ0εijkT kδ
+
a
m2
[
δ
δbj0
(
∇α(bTiα)− b
2
εimn(f
mα − fhmα)λnα
)
− (i↔ j)
]
{Hˆi,Kj}∗1 = −εijkHˆkδ ,
{Hˆi, Rˆj}∗1 =
a
m2
[
δ
δf j0
∇α(bTiα)− δ
δf jα
∇α(bTi0)− b
2
εimn(δ
m
jg
0α − hj0hmα)λnαδ
]
{Hˆi, Tj}∗1 = −
m2
a
Rkδ + 1
2
bεjmn
[
hi
0fmn − fmi(hn0 − bn0g00)− f 0ihm0bn0
]
δ ,
{Ki,Kj}∗1 = −εijkKkδ , {Ki, Rˆj}∗1 = −εijkRˆkδ ,
{Ki, Tj}∗1 = −εijkT kδ ,
{Rˆi, Rˆj}∗1 =
[−∂α(bhiαhj0) + bεimnωmα(g0αδnj − hnαhj0)] δ − (i↔ j) ,
{Rˆi, Tj}∗1 =
1
2
bεjmk(δ
m
i g
0β − hi0hmβ)bkβδ ,
{Ti, Tj}∗1 = 0 . (C.1a)
The DBs between the secondary first class constraints are given by:
{H¯i, H¯j} = −εijk(fkn − fηkn)K¯nδ ,
{H¯i, K¯j} = −εijkH¯kδ ,
{K¯i, K¯j} = −εijkK¯kδ . (C.1b)
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Finally, we display the most important DBs involving the tertiary constraints:
{Ti, ε0αβfαβ}∗1 = −m
2
a
ε0αβεijkb
j
αb
k
βδ ≡ −m
2
a
2bhi
0δ ,
{Ti, ε0αβλαβ}∗1 = Tiδ ≈ 0 ,
{Rˆi, ε0αβfαβ}∗1 = Tiδ ≈ 0 ,
{Rˆi, ε0αβλαβ}∗1 =
ab
2m2
[
fi
0 − fhi0 + g00(fi0 + 2m2σbi0)− hi0(f 00 − 2m2σ)
]
δ ,
{ε0αβλαβ , ε0γδfγδ}∗1 = −ε0αβfαβδ ≈ 0 . (C.2)
D Two identities
In this appendix, we prove that equations (3.10a) and (3.12b) are identities.
1. Equation (3.10a) can be rewritten in the following form:
Z ′αα + fβ
βUαα + U
0
αf0
α = b−1bi0∇α [b(fiα − fhiα)] . (D.1)
Using the relations:
Zαα = hi
α∇αf i0 ,
Z ′αα = hi
α∇αf i0 − fαi∇αbi0 ≈ bi0∇αfiα − f i0∇αhiα ,
the left-hand side of (D.1) can be transformed into
L = bi0∇αfiα − f i0∇αhiα − fββbi0∇αhiα + f0αhi0∇αbi0 .
Let us now rewrite the right-hand side of (D.1) as
R = bi0∇αfiα − fbi0∇αhiα + f0αb−1∇αb .
By noting that
b−1∇αb = hi0∇αbi0 + hiβ∇αbiβ ,
f0
αhi
β∇αbiβ ≈ −f0αbiα∇βhiβ ≈ −(f i0 − f00bi0)∇αhiα ,
we find R ≡ L, which implies that equation (3.10a) is satisfied identically.
2. The consistency condition (3.12b) can be rewritten in the form:
Z ′0β = Z
′
β0 . (D.2a)
Since Z ′β0 is determined from (3.10b), the proof that (D.2a) is an identity is realized by
showing that the substitution of (D.2a) into (3.10b) yields an identity. By making use of
(D.2a) and Z ′βα = Z
′
αβ , equation (3.10b) takes the following form:
Z ′0β + fβ
0Uαα − (fβα − fδαβ )U0α + b−1biβ∇α [b(fiα − fhiα)] = 0 . (D.2b)
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Let us now use the following relations:
Z ′0β = h
i0∇βfi0 − f 0i∇βbi0 − m
2
a
εijk
(
hi0bj0λ
k
β − hi0bjβλk0
)
,
fβ
0Uαα − (fβα − fδαβ )U0α = −fβ0bi0∇αhiα + (fβα − fδαβ )bi0∇αhi0 ,
b−1biβ∇α [b(fiα − fhiα)] = (b−1∇αb)(fβα − fδαβ ) + biβ∇αfiα − ∂βf − fbiβ∇αhiα ,
and, in addition to that,
(b−1∇αb)(fβα − fδαβ ) = −(bi0∇αhi0)(fβα − fδαβ )− (∇αhiα)
(
fβ
i − bi0fβ0 − fbiβ
)
.
Then, the left-hand side of (D.2b) takes the following form:
hiµ∇βfiµ − ∂βf − f iµ∇βbiµ + hiα(∇αf iβ −∇βf iα)− m
2
a
εijk
(
hi0bj0λ
k
β − hi0bjβλk0
) ≈
−fiµ∇βhiµ − f iµ∇βbiµ − m
2
a
εijk
(
hiµbjµλ
k
β − hiµbjβλkµ
) ≈
(fµi − f iµ)∇βbiµ ≈ 0 .
Hence, relation (D.2b) is satisfied identically, which completes our proof.
E Second class constraints
In this appendix, we show that the set of 20 constraints in the second column of Table 1
are second class. Instead of calculating the determinant of the 20× 20 matrix of the related
DBs, the proof is derived iteratively.
Step 1. We begin by considering the subset of constraints YA := (θ0β , ϕ, P
α0, P0
0). The
6× 6 matrix ∆1 with matrix elements {YA, YB}∗1 has the form:
∆1 =
(
03×3 A3×3
−AT3×3 03×3
)
,
A :=
( {θ0α, P β0}∗1 {θ0α, P00}∗1
{ϕ, P β0}∗1 {ϕ, P00}∗1
)
.
The explicit form of A reads:
A =
( −δβα −g0α
Ω0β Ω0
0
)
δ .
Using the formulas
detA = g00Ω
00 ,
det∆1 = det(AA
T ) = (detA)2 , (E.1)
we see that ∆1 is regular provided the condition (3.16b) is satisfied.
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Step 2. Next, we focus our attention on the subset ZA := (ψ0β, χ, p
α0, p0
0). The
corresponding 6× 6 matrix ∆2 reads:
∆2 =
(
B3×3 C3×3
−CT3×3 03×3
)
,
where
B :=
( −2ε0αβλ00 −2ε0αγλγ0
2ε0βγλ
γ
0 0
)
δ ,
C :=
( −δβα −g0α
g0β 1
)
δ .
The matrix ∆2 is regular:
det(C) = g00g00 ,
det∆2 = (detC)
2 . (E.2)
Step 3. Finally, we consider the remaining subset WA = (Ti, ε0αβλαβ , Rˆ′i, ε0αβfαβ); these
constraints do not contain the variables fi0, λi0. The 8×8 matrix {WA,WB}∗1 takes the form
∆3 =
(
04×4 M4×4
−MT4×4 N4×4
)
,
where
M =
(
D3×3 E3×1
−HT1×3 01×1
)
, N =
(
F3×3 03×1
01×3 01×1
)
,
and the matrices D,E, F and H are given by
Dij := {Ti, Rˆ′j}∗1 = −b
[
εijn
(
1
2
hn0 − g00bn0
)
− hj0εimnbm0hn0
]
δ ,
Ei := {Ti, ε0αβfαβ}∗1 = −
m2
a
2bhi
0δ ,
Hi := {Rˆ′i, ε0αβλαβ}∗1 = 2abΩi0δ ,
Fij := {Rˆ′i, Rˆ′j}∗1 .
The calculation of det∆3 yields
detM =
1
2
εijkεmnlDimDjnEkHl = −m2b4g00Ω00 ,
det∆3 = (detM)
2 .
Thus, det∆3 6= 0 provided Ω00 6= 0.
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